NATIONAL UNIVERSITY OF SINGAPORE
DEPARTMENT OF MATHEMATICS
SEMESTER. 2 EXAMINATION 2012-2013
MA3501 Mathematical Methods in Engineering

April/May 2013 — Time allowed : 2 hours

INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FOUR (4) questions and comprises FIF-
TEEN (15) printed pages.

2. Answer ALL questions in the examination paper. Marks for each question

are indicated at the beginning of the question. The maximum score for this
examination is 80 marks.

3. Candidates may use calculators. However, they should lay out systematically
the various steps in the calculations.

4. Two A4 handwritten double-sided helpsheets are allowed.

5. This ia a2 CLOSED BOOK examination.
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Answer ALL questions. Marks for each question are indicated at the beginning of the
question.

Question 1 {20 marks|

(a) The random variable X has the normal distribution N(1,20). Find the value of o
such that P(X < a} =2P(X > a).

(b) A certain car factory claims that the average hourly salary of its mechanics is $9.25
with a standard deviation of $1.55. A random sample of 81 mechanics showed that
the average hourly salary of these mechanics was only $8.95. Test at 1% level of
significance whether the average hourly salary of & mechanic is less than §9.25.

(¢) Find the eigenvaiues and eigenvectors of the matrix

—-75 25

50 =50

{d) Consider the system of differential equations

g ~75 25 x
4 a —
Py 50 50 | | v

Find the scalars u, v, and « such that

HE

is a solution of the system of differential equations.
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Question 2 [20 marks]

(2)

Use the method of separation of variables to prove that the general solution of the
partial differential equation

(2, 8) = uge(z, 1), O<z <1, >0,

u(0,%) =0, t >0,
u(1,2) =0, t>0,
is
u(z,t) = Z[Ancos(nwt) + Bysin(nnt)isin{nnz),
n=1

where A, and B, are constants forn = 1,2,3,--- .

Solve the boundary value problem

u(z,t) = u{z,8), O0<z<l, t>0,
w(0,£) = 0, £>0,
u(1,t) =0, t >0,

u(z,0) = sin{mz), O<z<l,

u{z,0) = sin(27z), O<z <1

Discuss what would happen to the solution u(z, ) if w(z, 0) is now changed to

sin(2rz), 0<z <3
w(z,0) = { 2, z=1
sin(27z), 3 <z<l

. Consider a long wire fixed at z = 0 and stretching to infinity. While at rest, the wire

. x
is struck with a hammer so as to impose the initial velocity ——— metre per second

over 0 < z < 1 and zero elsewhere. The displacement u(z,t) of the wire satisfies
the partial differential equafion 1., (z,;1) = uwx(z,t). Formulate the boundary and
initial conditions for the partial differential equation in this model.

Find the function g{w) for ali 0 < w < oo such that

u{zr,t) = /o ” g{w)sin(wz) sin{wt) dw

1s the solution of the differential equation.
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Question 3 [20 marks]

(2) Solve, by the method of characteristics, the following first order partial differential
equation.

ez, 1) + zug{z, ) =1, —co < T < oo, t >0,

2

u(z,0) = z°, —00 < T << 00,

(b) Let u(z,t) be the solution of the boundary value problem

u(z, ) = uz(z,t), O<z <00, t>0,
ul{z,0) =0, 0<z< o0,
1(0,%) = sint, t>0,
‘u(z,f) ishounded for 0 <z < o0, t> 0.

(i) Find U(m, s) where U(:c.,-s) is the Laplace transform of ulz, t).

(i1} Let g{z, 7} be the funciion defined on 0 < = < 00, 0 < T < oo such that

i
u{z,t) = / sin(t — 7)g(x,7) dr
G
is the solution of the boundary value problem. Find the function g.

(¢) Let F(w) be the Fourier transform of the function f(z) for —oo < o, w < oo. Given
that

/oo Flw)cos{(wt)e™ dw = A[f(x + ot} + flz ~ at)]

— 00

for all —oo < z < oo, t > 0. Find the values of A and o.
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Question 4 [20 marks]

(2) Bvaluate
' 2
] ———=d
v[}, z(z — 3)? “
where -y is the anticlockwise oriented circle with centre {0, 0) and radius 6.

(b) Let a,b be complex numbers such that ja| < 1 and {5| < 1. Prove that

‘a-b

1—ba$<1'

{c) (i) Let D be the region in the right half plane, between the lines y = z, y = —= and
the curve o” — ¢ == 4. (D is the shaded region in the figure below.) Find the image
of IJ under the mapping w(z} = 2*.

¥

(2,0}

F-yi=q

¥=—x

(i1) Solve the Laplace’s equation

(- + ¢y =0 on D,
o(z,y) =30 on y=zandy= -z,
H(z,1)=20 on aP-gl=4,

where D is the region defined in (i) above.

END OF PAPER
TURN OVER FOR MATHEMATICAL TABLES
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STANDARD NORMAL DISTRIBUTION TABLE

The entries in this teble give the srées under

the stendzrd normal curve from 0 to 7.

MAZ3501

. 00 o1 01 0 04 05 06 0 08 Py
0.0 0000 0040 0080 0120 0160 0199 0239 0779 0318 pisg
0.1 0398 0438 478 0517 0557 05% 0636 0675 0714 0753
0.2 4793 0832 0871 0910 0543 0987 1026 1064 1103 141
03 1179 a217 1255 1293 1331 1388 1406 1443 1480 1519
04 1554 1591 1628 1664 1700 1736 AT 1508 1844 1879
a.s 1915 1950 1985 2019 2054 2088 . 313 2157 2199 774
06 | . 2257 279 7124 2357 2389 2412 2454 2436 2517 3549
0.7 2580 2611 2642 2673 1704 2734 2764 2754 2823 7352
0.8 2881 2910 2939 2967 2995 3023 305! 3078 3106 3133

09 2159 3186 212 3238 31264 3289 3345 3340 3365 1389
10 3413 3438 3461 3485 3508 3531 3554 3577 3599 3621
11 1643 3665, 3686 3708 3729 3749 3770 379 3810 3830
1.2 3849 3869 3838 3907 3925 3044 3962 3080 39977 4015
13 4033 4049 4066 4082 4099 4115 A3 4147 4162 4177
14 4192 4307 4722 4236 4251 4265 4279 4292 4306 4319
s 4112 4145 4357 4370 4382 4194 4406 4418 4429 4441
i6 4452 4463 4474 4484 4495 4505 4515 4525 4535 4545
1.7 4554 A5H4 4373 4582 A455] 4599 4608 4616 4625 4533
8 4641 4649 4656 4664 4671 4678 4686 4693 469 4706
I'9 AT13 4719 4726 4732 4738 4744 4750 4756 4781 4767
20 | 4172 4778 4783 4788 4793 4798 4803 AR08 4812 4817
2.1 4371 4826 4830 4834 4338 4342 4846 4850 4854 4857
22 4361 464 4863 4871 4875 4878 4381 4834 4837 4890
23 4893 4896 4898 4901 4904 4906 . 4909 4911 4913 4916
24 4918 4920 4922 4925 4977 4929 4931 4932 4934 4936
25 | 498 4940 4941 4943 4945 4946 4948 4343 4951 4952
26 4953 4555 4956 4957 4959 4960 4961 4962 4963 4964
27 4965 4966 4967 4963 4969 4970 497] 4972 4973 4974
18 4374 4975 4976 4977 4977 4978 4979 4979 4980 4981
2, 4981 4982 4982 4983 4984 4984 4985 4985 4985 4986
19 4587 4987 4987 4988 4988 4989 3989 4989 49% 4990




BOUNDARY VATUE PROBLEMS for X7(z) + AX(z) =0

Beoundary Xt = X0 =0 CX(-E)=X(L)
conditions X(L) =0 XLy =0 XN—L)=X(L)
Figenvalues (mEy? (=32 (=)
}‘ﬁ 77 =1 213,‘. n:O]}‘}EJgj"' :{}1132;31"'
Eigeéﬁmcé;ions sip BEF cos “FE sin “gz znd cog TEE
(.8
, NET NAT -
Serles F3)=> B.sin _—;—~ flzy= ‘gﬁﬁ €08 —— flz) = ‘}—‘ A, cos
= = 'H-ZG . n=—4
—’rZB sin oL
n=l
Coeficients  |B, = 2 fﬂ Flz)sin 22z A= 1 f;’ Fiz}da Ay = L Flz)ds
A, =2 [ f{z)cos %I—{}E’E Ap = ¢ jﬁLL f(g,) cos XEdy
: = L5 S o
: T
Bouwndary X({0j=48 Xy =20
conditions X (Ly=¢0 X{L)=10
T, - Z (2a—1%r <
Figenvalues L(ZE Ll}' I E( - }
X n=123,. .. n=123,.
Bigenfunctions gin ———~—':Z’"‘g§“.$ cos {2’1’;}?‘_3
(2r1 — wz i = P
Series , {x) N B,sin 57 4 flzy= ZB,, coS ( Q-LJ
1—] =1
' ) s - {Zn—1)w . : 2n—1inz
Coeflicierts |B, = £ [ F(2) sip EL) “dz (B, = 2 [/ f(z)cos g—gzl—ffm
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’ £
L pwz | mET P {0, n e,
i g T = . i
[3. s A VL2, n=m5
- L
- TS men o g, 71 - 17,
Ja
A
L (2n—Lxx _ (Fm— Lyrz g — a, 5= m,
[ e e kPR
o

¢
L {99y — 1Yo {2rn — 1)7n - Q, n £ 11,
f S Lz cos ) ax ==

. "
o 2.5 .2}; E [l 2, TE=E
sin{Ar)  zoos(hz)
j[ o simpwlde ="z N
, cos{ Az} . main{ Az}
] z eos(hz) dr =53 7 3
desin{iz) | {2— Ae?eos Az}
[ 11,2 Sﬁi{}:ﬂ oL — }\Z 3

R
.
e
3
[
]
]
[
8
Py
o
2

o 2z cos{Az .
f %2 cos(ha) dr = 2 3
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- Table of Fourler Transformms

1 -~
£ —_ 1deb) o
= L " Foie Floy =7y = o= [ ey as
4 ifjr] <a @sinau
’ 1f |z] > a oW
Y 1 fa<z<h , i (e~ eten)
- 0 otherwise V27w
!:I 2 sin?(28
RS . z\pm( )
i lzi>a T
" x izl <a Lo 2 aw cos{aw) — sm(am)
0 ¥ijzj>a
sinz i lz] < w ' _\/251n(mu)
5. gaf NS
]_f iI = " wz — 1
5 n(ax)' ] < b0 zx/"J,wcos(bm) sm(ab)r—-acos(ab sin(bs)
iz] >b T w? —a?
e —ajuw}
7A —_—
a2+32,a>0 4\/2 .
' I
8- 2z 2>l _i\igsgﬁwe -
2 a E f}
a._ . "
71+ a%z?’ >4 ©
. % flwl <a
g Z -
. ZE e /T ifjw]l=a
z
g ifjr} > a
2L 5] ¢
11 4 sm(»z-az),a>o 1—% il <a
9%  azx2 . 4] il >a
. , 1 ilzri<a
12, 4 sr*(az)—sin (%azl 2o 0 {(—z+2a)ja Ha<z <2
o az? ’ . (z+2a)fa  Ha<z<e
L0 Coif |zl > 24
13, ekl g HE :
T a?+w?
e™ x>0 1 1
14, —— -
{O fr< ra>0 2w b
O iz >0 1 1
15, : ==
{EGI ]_fI<0 .Ja>0 P G — UO
16,z ™ 20, >0 K1) ( - + :
S (@ —ww)* ™ 7 (g +dw)iin

.- 10—



PAGE 10 MA3S0T
Tahle of Fourier Transforms (continued)
A SalP S
xr — 1T fi’_:.l J’C‘ —_ —wz
fe)= = [ Fue Fle) =7 (1) = j Ha)e
7. &7F  a>0 %e"%
] 2 1 =]
18, e  a>0 1Y@EE"TE
19, ze72% a0 %ﬁﬁé
J— v o4
20, 2%7FF ) g0 aas;’(;) ez
21, 3 a0 " _.@_ﬁ__"w(if/;' o)
22, € 7 Ha(z), , (—1) e Ho(w)
' H,, nth Hermite polynomial
f2 .
23.  Jy(z), Bessel function of order _ \/; 7o i<l
0 Hiw]>1
2 L Talw) ] <1
24.  J.(z), Bessel function of oxder n > 0
i i e > 1
Ths Chebyshe-v-pol@omial of degree n.
Specizl Transiorms
25, Floo(z))w) = —— - 2. r—(\/@)(w) = isgnow
N ) - T T
26 Tz —a))w) = jg_qre“{w 28. F(e“”)(w} V2 (w — a)
V Operational Properties \
29. Flef +bg)(w) = oF{f) + b7 (g) 88. F(foie) =F(N+Fg{w) .
30 F(FYw) =i (F)(w) 37. F(f(z — a)}(w} = e F(F){w)
i F() — —FFR) 8 HEENE) = F (e )
82 TU™)e) = () F(NE) 39. Fleos(ex)f(x)) () = FPE T Mlute)
33, Flef(e)(w) = ifg}'(]‘){w) 40. F(Siﬂ{ﬂ$)_}:($)) (wy= fff)(”*ﬂ}z—if(}‘){w+d)
34 Tz Flapwy = 7L F ()W) o4 T} = (), a0
55 F{i=gilw) = FlH)7 (8} 42 f(z) = TF(F)(—=), FFEH) = f(-2)
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Table of Fourier Cosine Transforms

=)= \f] Falf) ) coswr d,

FANE) = Folo) = {]ffmm@

C<r<co 0w <oa
1 1 i0<z<a 2 s 0w '
0 otherwise T w
2. e . g ~O \/ga?-?w?
— O (12—&’1
3. ze , a>0 % [CETy
4. ema.:z;Z/:z a>0 1 —b.}z/.'Za
5.  cosate ™, a>0 o207
dat o
— 0T 2 2!13—0402
6. smazxe ™, a>( A\/;W
T s a0 ST
8. 27, O<p<l1 \@M
cosz ifd<r<a - 1 in a1
X sin af 1—ow sin el
9 { 0 otherwise { o %T"“K"—l]
Operational Properties
10, af(c) + Bo(x) oF(F)(w) + BF(g)(w)
11. flaxz), a>0 -}:fc(%)
12. ! ry 2,
F) whi) = [20)
15 /(@) —R) =/ 210)
. ~3f
14, $f{z) [f:, (w)
15, FoFef) f

=12 -
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Table of Fourier Sine Transforms

f=z) = \/%-Lm_ﬁ{f)(m)sﬁnwzdu, |

A == [ snveas

_ d<r <o 0w < e
i [1 if0<z<a 2 1—cosaw
G otherwise * W
2. e a>0 \/gz‘i:f
e 2z p 128
E"l- T& , a>{ \/;(41%3)2
4. £ g% ZianTtu
5. %ﬂ: e"e Iz, a>0 :;—"75&""’2/2“
6 . —r D 2 UE;
- tosaze ™, a> \/;W
. _ . 2 Zawr
7. sinaze T, g>g \/;m
8 o, a>0 VEeT
9. % D<p<i ﬁ H{p) cos{=p/2)
H o (524
sint ¥Q<z<a 1 [simall—w)  sina(l-w)
10- { 0 otherwise . V2 [ T T e ]
Operational Properties
11 o f{z) + Bglx) aF{FHw) + 8 F(9) (w)
120 flaz), a>0 17.(2)
13- =) ~w fofw)
4. f(z). 2R (@) + /2 wf(0)
Y
15.  zf{x) - [fc} (w)
16, F(F.F)

7

..o —13 -
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Table of Laplace Transforms

MA3501

@, t20 F6) = £ = [ s

. 1 I s>0

2. 1Y, n=12,. 2, 5>0

3.t {a>-1) 12%1—), 5> 0
‘4. et 5%;, s>a

5. treet "{STZ)!n—H': s>a

6. Ea::gbt ey S > max(a,b)
. ,ﬂe,“::gebf iy S > max(a,b)
8. - sinkt ' i, $>0

9. coski i 5>0

10, e*sinkt {sTa)EE-—;-‘F= 5>a

11, e® coskt o, S>a

12, teinkt T’%?Tf 5> 0

13, tcosks G%iffﬂ? 5> 0

14.  Fx(sinat - af cosai) ‘ (—szﬁf, s> 0

15. sinhkt e, s>k

16. coshkt o, 5 > k|

17.  e**sinh ki T;—'E;Eif:?i s>a+ |k
i8. e"coshikt Goapogr S> otk
19. tsinhkt ﬁ% s > |k

20. . tcoshkt (—;é%%, s> |k

21, ghs(kt coshkt — sinh k) w9 > A

=14 -
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Yable of Laplace Transforms (continued)

Fla)=L{N{s}= | fltye 4,
0

{n an mteger > 2)

22. &{t—1p), th >0 et 5> 0
. 0 if¢ < a —as
23. UD(L—G}Z{l fi>a (a>0) =y 52> 0
: 1 )
24, ft+T) = flt) T> 0) P / E—Stf(t) at
e
1 T
25. f(E+T)=—f()) (T>0) e /0 ()
N Triangular Wave ‘ ‘
28 ' ;&Bﬁi—ii}:a—ﬁﬂaﬁh(g), s>0
2 24 3a I
A " Square Wave
1
7 1[1mem= s
T s > P = pman ), oo
73
-1 f
Sawtooth
28B. ‘V . E%i‘ — ;ﬁg‘?ﬂ:)-’ s>0
a 2o 3& ;r
. 20. L’j‘e“t tan '(£), s>0
30.  Jolat) =, §>0
31.  Jolav%) ‘3_:/“—; s> 10
. - 1
32, I {at) (p>—=% Epa"I‘(P-r—l) 0
P(D‘ } \p 2) ﬁ(s’-{—az)P'T_Z ] s>
= k-1
33- T}(%) (&) Jr—z(at) (k>0 (;i:.lazﬁ; s>40
= k-1 i
4 e ()77 egla) (B> oy, 5>0
T =1 _ mw
o Z [ Zn~m—1 t{ zcos(m_f _ .
35 i \ -1 J Qayn—m{m — 13 ey S 0
{n an integer > 1)
1 Yi (2n—m ~3)  t"cos{at - X
36 o) 2 - Dl —m ) @ e 830

=15 —
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"Table of Laplace Transforms (continued)

MA3501

f(t), t=0

F(s) = L{H)(s) = fu ” (et d,

37. ef{at) (a>0) L'/ aic(2), s>0°
38. erf(av?) T, 5>0
39, = (a>0) L™ 4 erfo(£), 5> 0
40. ﬁe“‘f/‘“' (a > 0) %»C 5> 0
41 e e % (a>0) eeVs s>
42, erfc (2{/—5) (a>0) leavs 5w
operaﬁiagal Properties
43, of(E) + Fe(t) ¢ aF{s)+ BG{s)
a1 ) sT(s) — £(0)
45, FU(5) s2F(s) — s£(0) — (0}
46.  F™(7) sTF(s) ~ (D) .. — (D)
a7, —tf(e) (s
48. " F(t) (~1mEt(s)
49, [ f(r)dr LF{s), s5>0
50 fi [ f(0)dpdr L F(s), s>0
151 10 fm P(u) du
52. I / - / ” F{u) dudo
33. Ult—a)f(t—a) (a>0) eic‘sF?s}
54. e f(i) F{s —a)
55 flct) (c>0) 1F()
o £a00) = [ et myar F5)C(s)




