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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FIVE (5) questions and comprises FOUR (4)
printed pages.

2. Select FOUR questions to answer.

3. This is a closed book examination.
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1. (25 marks)

(i) (10 marks) Find the explicit formula of the Green’s function G(z,t;y) for
the initial-boundary value problem

(8 + O, — 82)G(z,t;y) = 0 for z,t,y > 0,
G(0,t;y) =0for t > 0,y > 0,
G(z,0;y) = é{z — y).

(ii) (15 marks) Use the Green’s function to show there exists C > 0 such that the
solution u(z,t) of the nonlinear problem

(8 + 0, — R)u(z, t) = —18;[ufz,1)?] for z,t > 0,
1(0,1) = 0,
lu(z,0)| < ee™® for . > 0,e < 1

satisfies for all z,¢ > 0
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|u(z, t)] < ()e( T ¢

2. (25 marks)
Let G(z,t) be the Green’s function:

((; (1])3;4— Bx-l-(o 0))G=0for$€R,t>0;

1 2
G(z,0) = 6(z)
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Show that there exists C > 0 such that
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3. (25 marks)

Let Gy(z,t;y) be the Green’s function of an initial-boundary value problem:

({1 0 01 0 0
o, 3:): 3 Uy = 1 Yy )
((0 1) ri-(l 0) —|—(1 2))Gb($ty) 0 for z,y,t > 0

< Gy(z, 0 y) = 6(z — y) ((1) (1)) ,

\(1: I)Gb(oatv y) = (01 0) for all y,t > 0.

(i) (10 marks) Show that the function G,(z,t — s;y) satisfies the backward equa-

tion
([ (10 01 0 0
— 3:Gy — 3,G =0 for z,y,t :
(0 1) b — Oy b(l 0)+Gb(1 2) 0 for z,y,t >0

Gi(z,0;y) = 6(x — y) (; (1)) ,

1
Gy(z, t;0) ( 1) = (g) for all y,t > 0.
\

(ii) (15 marks) Show that there exists C' > 0 such that

v

IG(z, t;y) — Golz, t; )| < Ce™@HC for 2.t > 0,y € [0,1],

where G(z, t;y) is the Green’s function constructed in Problem 2.

. (25 marks) Consider a hyperbolic model for the porous media equation

e + My = 05
m; + (m*/p+ p?)e = —m.

The state (p., m.) = (1,0) is a trivial solution.

Assume that the initial data p(-,0) and m(-, 0} satisfying
lo(:,0) = s, [l (-, 0)las < e < 1.
Show by energy estimates that there exists C' > 0 such that

llo(-,t) = 1]z, [[m (-, 8)|| gz < Ce for all £ > 0.
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5. (25 marks)
Consider the viscous Burgers’ equation w; + utt; — gz = 0. The function ¢(z) =
—tanh £ is a stationary viscous shock profile connecting a shock wave (1, —1).

Assume the initial data of u(z,t) satisfying

fu(z, 0) — ¢(x)] < cc 3, ] (u(z,0) — ${a))dz = 0

R

and
O<egl.

Show that there exists C > 0 such that

|u(z, 1) — p(z)| < Cee™ 1314316 for ¢ > 0.

END OF PAPER



