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(1) (a) Let G be a finite simple group, and suppose that H is a proper subgroup of @
of index k. Show that there exists an injective group homomorphism from G
to the alternating group Ay of degree k.
(b) Show that a group of order 120 is not simple.

(2) Let V be a finite-dimensional vector space of an algebraically closed field F of
positive characteristic p. Let a : V — V be a linear operator on V, and suppose
that there exists a positive integer n such that o®(v) = v for all v € V, while for
each positive integer ¢ less than n, there exists »; € V such that o*(v;) # v;. Show
that « is diagonalisable if and only if n is not divisible by p.

(3) (a) Let R and S be integral domains with R C S. Prove or disprove the following:
(i) If R is a Euclidean domain, then S is a unique factorisation domain.
(ii) If S is a Euclidean domain, then R is a unique factorisation domain.
(b) Let ¢ : T — U be a surjective ring homomorphism between two integral
domains T and U. Prove or disprove the following:
g
(i) If T is a principal ideal domain, then U is a principal ideal domain.
(ii} If T is a unique factorisation domain, then U is a unique factorisation
domain.

(4) Let K be the splitting field of X* — 2 over the field Q of rational numbers.
(a) Show that there exist field automorphisms 7 and o of K satisfying the following
properties:
e 7 has order 2;
e ¢ has order 4;
e7o0g=clor,
(b) Hence, or otherwise, find all intermediate fields between Q and K.

(5) Let R be a ring with multiplicative identity, and let M be a finitely generated left
R-module.
(a) Let B be a non-empty finite subset of M. Show that M is a free R-module
with basis B if and only if every function from B to any left R-module N can
be uniquely extended to a left R-module homomorphism from M to N.
(b) Suppose further that R is a principal ideal domain. Prove that M is a free
R-module if and only if M is a projective R-module.
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