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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FOUR. (4) questions and comprises TWO (2)
printed pages.

2. Answer ALL FOUR. questions.
3. This is a closed book examination. No books or notes may be used.

4. Candidates may use calculators. However, they should explain in detail all the steps
in the calculations.
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Answer all four gquestions.
1. (25 Marks) Consider the initial boundary value problem

Au+ dyv =10,
B + Gy = —(v — u?),

for z,t > 0. The boundary condition is imposed by ©+v = 0 at z = 0. The initial
data satisfies

su;g (|u(z, 0)| + |Bru(z, 0)] + |uv{z,0)] + |0.v(x, 0})]) < 1.
>

Show that there exists 75 > 0 such that (u,v)(x,t) exists in the time interval
te (0,‘!‘0).

2. (25 Marks) Consider the Burgers’ equation u,; + uwu, = 0 with the initial data

0forax < —1,
u(z,0) = ¢ 1forz € (—1,1),
0forz>1.

Analyze the solution u(z,t) including finding the asymptotic of the shock wave
location and give the rate of decaying to zero which is O(1)(1 + t)~/2.
(Hint: characteristic curve method and the Rankine-Hugoniot condition.)

3. (25 Marks) Consider the viscous Burgers’ equation u; + uu, = Uz, with the initial
data u(z,0) = — tanh(z/2) + v(z, 0), where v(x, 0) satisfies

foo v(z,0)dz =0,
37 oo
3 f 9% 0(x, 0)2de < 1.
k=0" "
Use energy method to show that
Jim |w(z,t) + tanh(z/2)| = 0.

4, (25 Marks) Consider the viscous Burgers’ equation u; + ut; = %,, with the initial
data u(z,0) = — tanh(z/2) + v(z, 0), where v(z, 0) satisfies

o0
/ v(z,0)dx =0,
—)
[u(z,0)| < e,
Use the Green’s function to show that when 0 < € < 1, the solution u(z,t) satisfies

lu(z,) + tanh(z/2)| < O(1)ee™ 5%,
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