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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains a total of FIVE (5) questions and
comprises FOUR (4) printed pages.

2. Answer as many questions as you can.

3. Each question carries the same weight.
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Question 1
(a) If E is a subset of R” and = € R™, define
z+E={z+y:yeE}.
Show that if F is a Lebesgue measurable set, then so is z + F.

(b) Let (R,X, ) and (R, P(R), 1) be the Lebesgue measure space and the
counting measure space on R respectively. Show that for any subset E
of Rand any y € R

(A x u)*(E x {y}) = A*(E).

Question 2

Let (Q2, X, u) be a o-finite, complete measure space and let A and ¥, be the
Lebesgue measure and the o-algebra of Lebesgue measurable sets respec-
tively. If f is a nonnegative extended real-valued y-measurable function on
Q and 1 < p < o0, define

P2 ifz>0
g(z) = {

0 otherwise
and
hz) = 4 Pxuzmde iz >0
0 otherwise.
Show that

/ fPdu=(p—1) / 9(x)h(z) dA(z).

[Use (...) Theorem (fill in the blank). Be sure to check the hypotheses of
the theorem used.]
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Question 3

Let (£2, X, u) be a measure space such that x(£2) < co. Suppose that ( )2,
is a sequence of extended real-valued integrable functions with the following
properties.

(i) sup, [ |faldp < oo,

(ii) For any € > 0, there exists § > 0 such that sup, [|fulxpdy < €
whenever E € ¥, u(E) < 4.

(a) Show that for any € > 0, there exists N € N such that

sup / [falX(ipa2ny <€

For any extended real-valued function g defined on Q and any N € N,
define g™ on Q by

9w) ifgw) <N
gV(W)=¢N if g(w) > N
~N if g(w) < —N.

From here on, assume in addition that (f,)2; converges to a function
f pointwise.

(b) Show that for all N € N, (f)V)%2, converges pointwise to fN.
(c) Show that lim,, [ fpdp = [ fdp.
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Question 4

Show that a bounded real-valued function that is Riemann integrable on
a bounded real interval [a,b] is Lebesgue integrable on [a,b] and that the
values of the integrals are equal.

To be definite, I include the definition of the Riemann integral. Given a
bounded interval [a,b] in R, a partition of |a,b] is a finite sequence of points
P = (p;), satisfying a = pg < --- < p, = b. If f is a bounded real-valued
function on [a,b] and P is a partition of [a, ], the upper and lower sums of
f with respect to P are

n

U(f,P)=)_ sup f(z)(pi—pi-1) and
€lp i
=1z i—1,Di]

L@H=Z;£gmﬂ@w—mﬂ

f is Riemann integrable if there exists R € R such that

inf{U(f, P) : P is a partition of [a,b]} = R
= sup{L(f, P) : P is a partition of [a, b]}.

In this case, we call R the Riemann integral of f on [a,b] and denote it by

(R) - [ 1.

[The upper and lower sums correspond naturally to simple functions.]

Question 5

Let f : [a,b] — R be a function of bounded variation on [a,b]. Define
V :la,b] > Rby V(a) = 0 and V(z) = Var, f fora < z < b. If

/. : |f'|dX = Varp,y f, show that V is absolutely continuous and hence so is

f

END OF PAPER



