FPh.D Qualifying Examination
Linear Algebra

(1} State and prove the Cayley-Hamilton theorsm for a 5 by 5 real matnx A,

(2) Let X bead by 5 complex matriz Let vy, .., vy be nonzero eigenvectors of
A wath distinet sigenvaluss. Frowe that +,. .. ,vs are lnearly independent
cver © Show that X 1z diagonalizalle.

(3) Suppose A and 5 ars invertilble real matnices. Show that
adi{ AF) = adj({Bhadi({A).

I= the abowe tnue if both A and 5 are not invertible matness? I it 1= true

mve a proof. If it 1s falss, mve a counter example.

(4} Prove that the row rank and the column rank of an 8 by 10 matrix X are the

SALTLE.

(5) Let X be a d by 5 symumetric real positive definite matrix (that iz vTXv > 0
for all nonzero column wectors v € B®). Prove that there exists an invertible
upper tnangular 5 by 0 matnx P such that

X =PTP



(6) Let
—G 28 14 -3
I | -10 32 5 6
"1l 5 -5 ®m -3
—25 X0 18 4
It 1= known that it has two only eigenvalues, namesly 2 and -1, Find the char-

X

acteristic polynomial pz), minimal polynomial miz) and Jordan canonical

form D of X Find & matnx P such that
X =FDF™!
(You do not havs to find P71

(7) Let {, ) be an inner product on B®. Let X be a 5 by 5 matrx such that the
columns are orthogonal to sach other and hawe length 1 with respect to | .
(a) Suppose |, ) 1= the usual Euclidean dot product. Show that the rows ars
are orthogonal to each other and hawe length 1 with respect to {, ).
() Bupposs () iz the NOT the usual Euclidean dot product. Define an
inner procuct {, ) on B® using {, } such that the rows are orthogonal to
sach other and have length 1 with respect to {, )"

(8) Let X, Xj be two diagonalizable 3 by O matricss. Suppose the matnces com-
mute with sach other, that 13, X Xz = XX, Show that the two matrnces are
g mltaneously diagonalizalle, that 1=, there exdsts a 5 by 9 matnx invertible

P =uch that P7IX, P and PTI XL P are diagonal matrices

END OF PAPER



