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P h.D. Qualifying Examination
Alorebra

Let & be the additive group Q/Z. Show that any finite subgroup of G is eyelic,
Forthe ring £ = & ¥ &, give an example for each of the followi ng

(1) 2 maximal ideal of B,

(ii) = prime ideal of K that iz not maximsl.

Let & be o finite group, and H be a subgroup of index 2. Show that =% ¢ H for
any = € & and hence deduce that H containe all elements of G of odd order.

Let +s = 3 be an integer, and let & be a subgroup of 5, Assume that & hasz an
odd permutation. Show that & haz o normal subgroup of index 2.

Let A, bethesubgroup of even permutationzin S, Show that A, has no subgroup

of index 2.

Eecall that an element p ofan integral domeain D iz called irreducible if g i2 & non-zero,

non-unit and in any Betorizstion p =re with r,2 € 1 cne of v, 2 122 unt. Now let

D =Z=7]={o+8/=T|a,bc Z}.

Ey using the norm function N{a + by —7) = a% + 75, show that 2, 1 £ /-7 are
irreducible elements of D

Iz 20 & prime ideal? Iz D a unique factoriestion domein? Justify your snewers,

Let K be a finite commutative ring with 1, such that 1 # 0. Let F* = F\{0} and

ﬁ::Hfr,

= I

put

i@ & feld.

Let p be o positive prime number such that p =4k +1 for some & € £, Show that
there existz o € Z, such that o = —1 in Z,.



Show that esch of the following polynomiale is irreducible cver € you may want to
consder reduction modulo & prime number,

(1) Bx*— 2z% 4 7% — 10,

(i) =%4 1003z 4+ 1002,

END OF PAPER



